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a b s t r a c t
The general Randić index of a molecular graph G is the sum of [d(u)d(v)]α over all edges
uv ∈ G, where d(v) denotes the degree of the vertex v in G and α is an arbitrary number.
When α = −1/2, it is called the Randić index. Delorme et al. stated a best possible lower
bound on the Randić index of a triangle-free graph with given minimum degree. Their
false proof was pointed out by Liu et al. In this note, we derive some sharp bounds on the
general Randić index which implies their lower bound for triangle-free graphs of order n
with maximum degree at most n/4, and also prove it for triangle-free graphs with small
minimum degree.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The Randić index R(G) of a molecular graph G = (V , E) was introduced by Milan Randić under the name of ‘‘branching
index’’ in 1975 [14] as the sum of [d(u)d(v)]−1/2 (which is called the weight of uv) over all edges uv ∈ E, i.e.
R(G) =
∑
uv∈E
1/
√
d(u)d(v).
where d(v) denotes the degree of the vertex v of G. It is a measure of branching of the carbon-atom skeleton and has been
closely correlated with many chemical properties [6]. The ordering of isomeric alkanes with respect to decreasing R(G)-
values basically represents their ordering to the increasing extent of branching. One can replace the exponent −1/2 by
any other real number α and denote the general index by Rα(G) (see [7]). The exponent α was treated as an adjustable
parameter, chosen so as to optimize the correlation between Rα and some selected class of organic compounds. Comparing
to other topological indices reported by Amidon and Anik (see [6]), the Randić index appears to predict the boiling points of
alkanes more closely for only it takes into account the bonding and adjacency degree among carbons in alkanes. However,
Rα is not an acceptable index of branching of certain molecules for positive α, see [3]. Hence in this paper, we will give some
sharp bounds on the general Randić index for negative α, which extend and improve some known bounds.
Delorme et al. [4] stated a best possible lower bound on the Randić index of a triangle-free graph with given minimum
degree. Their false proof was pointed out by Liu et al. [9]. We will prove their lower bound for triangle-free graphs with
small minimum degree.
The rest of the paper is organized as follows. In Section 2, we give some sharp bounds on the general Randić index for
negative α and focus on the case α = −1/2 in Section 3.
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2. The case α < 0
Let G = (V , E) be a graph with vertex set V and edge set E. The order of G is |V | and the size is |E|. For a vertex v ∈ V ,
denote the neighborhood of v by NG(v) and the degree of v by d(v) = |NG(v)|. The minimum degree and maximum degree
of G are denoted by δ(G) and∆(G) respectively. The average degree of G is d(G) = 2|E|/|V |. We denote by G− v the graph
arising from G by deleting the vertex v and all edges incident to v, and by G+uv the graph arising from G by adding an edge
uv where u, v ∈ V .
Theorem 2.1. Let G = (V , E) be a graph of order n and size m with average degree d. Let α ∈ [−1/2, 0). Then
Rα(G) ≤ md2α
with equality if and only if all components of G are regular.
Proof. This follows directly from the Cauchy–Schwarz inequality and Jensen’s inequality with the concavity of x1+2α:
Rα(G) =
∑
uv∈E
[d(u)d(v)]α ≤
∑
uv∈E
[d(u)2α + d(v)2α]/2 =
∑
v∈V
d(v)1+2α/2 ≤ nd1+2α/2 = md2α.
The equality holds if and only if d(u) = d(v) for uv ∈ E i.e. all components are regular. 
The bound in Theorem 2.1 extends the bound R(G) ≤ n/2 of Fajtlowicz [5] and also improves the bound Rα ≤
1
2n(n− 1)1+2α of Li and Yang [10].
Theorem 2.2. Let G = (V , E) be a graph of order n and minimum degree δ. Let α ∈ (−∞,−1/2]. Then
Rα(G) ≤ nδ1+2α/2
with equality if and only if G is regular.
Proof. This follows directly from the Cauchy–Schwarz inequality:
Rα(G) =
∑
uv∈E
[d(u)d(v)]α ≤
∑
uv∈E
[d(u)2α + d(v)2α]/2 =
∑
v∈V
d(v)1+2α/2 ≤ nδ1+2α/2,
with equality if and only if G is regular. 
The bound in Theorem 2.2 improves the bound Rα ≤ n/2 of Li and Yang [10].
Theorem 2.3. Let G = (V , E) be a graph of order n with maximum degree∆ and minimum degree δ > 0. Let α ∈ [−1, 0]. Then
Rα(G) ≥ n∆αδ1+α/2
with equality if and only if G is regular.
Proof. Since−1 ≤ α ≤ 0, we have 1+ α ≥ 0 and
Rα(G) =
∑
uv∈E
[d(u)d(v)]α ≥
∑
uv∈E
[∆d(v)]α = ∆α
∑
v∈V
d(v)1+α/2 ≥ n∆αδ1+α/2
with equality if and only if G is regular. 
The bound in Theorem 2.3 improves the bound R−1 ≥ n/[2(n − 1)] of Li and Yang [10] and is better than the bound
Rα ≥ (n− 1)1+α when α ∈ [−1/2, 0) for graphs with maximum degree∆ ≤ 21/αn obtained by Bollobás and Erdős [2], and
by Li and Yang [10].
Theorem 2.4. Let G = (V , E) be a graph of order n and size m with average degree d and maximum degree ∆ > 0. Let
α ∈ (−∞,−1]. Then
Rα(G) ≥ m(d∆)α
with equality if and only if G is regular.
Proof. Since α ≤ −1, we have 1+ α ≤ 0. It follows by Jensen’s inequality with the convexity of x1+α that
Rα(G) =
∑
uv∈E
[d(u)d(v)]α ≥
∑
uv∈E
[∆d(v)]α = ∆α
∑
v∈V
d(v)1+α/2 ≥ ∆αnd1+α/2 = m(d∆)α
with equality if and only if G is regular. 
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The bound in Theorem 2.4 improves the bound Rα ≥ n(n− 1)1+2α/2 of Li and Yang [10]. Now wemay use our results to
complete and update the table [10] on bounds for Randić indices as follows.
α min max
[−1/2, 0) n∆αδ1+α/2 md2α
[−1,−1/2] n∆αδ1+α/2 nδ1+2α/2
(−∞,−1] m(d∆)α nδ1+2α/2
3. The case α = −1/2
Let k be a natural number and x > k. Define r(x, k) = √k(x− k)/√x− 1+
(
k
2
)
/(x− 1). We denote by K ∗δ,n−δ the graph
which comes from a complete bipartite graph Kδ,n−δ by joining each pair of vertices in the part of δ vertices by a new edge.
Fajtlowicz [5]mentioned that Bollobás and Erdős asked for theminimumvalue on the Randić index for graphs of order n and
minimum degree δ. Bollobás and Erdős [2] themselves solved the problem for δ = 1. Delorme et al. [4] solved it for δ = 2.
The case for δ = 1, 2 was also solved respectively by Pavlović et al. [13,11] using linear programming. Pavlović [12] solved
it for δ = bn/2c. Recently, Li et al. [8] also using linear programming solved the general (1 < δ < n− 1) problem about the
Randić index which also resolved the conjecture of Delorme et al. [4] and Aouchiche and Hansen [1]. For our purpose, we
quote their result for δ < n/2.
Theorem 3.1 (Li et al. [8]). Let G be a graph of order n and minimum degree δ where 0 < δ < n/2. Then R(G) ≥ r(n, δ) with
equality if and only if G = K ∗δ,n−δ .
Delorme et al. [4] gave the following lower bound for triangle-free graphs but with a false proof [4] which was pointed out
by Liu et al. [9]. Now it becomes a conjecture.
Conjecture 3.1. Let G be a triangle-free graph of order n and δ(G) ≥ δ. Then R(G) ≥ √δ(n− δ) with equality if and only if
G = Kδ,n−δ .
By Theorem 2.3, it is easily seen that Conjecture 3.1 holds for graphs with maximum degree∆ ≤ n/4, or more generally
it holds for graphs with an ≤ δ ≤ ∆ ≤ n/[4(1 − a)] for a ∈ [0, 1/2]. The whole paper of Liu et al. [9] devotes to proving
Conjecture 3.1 for δ = 2 based on Lemma 3 [9] which is drawn from the paper of Delorme et al. [4] without a proof. Here we
give a very short complete proof of this case (Theorem 3.2) and also prove Conjecture 3.1 for graphs with small minimum
degree. We first need two lemmas.
Lemma 3.1 (Bollobás and Erdős [2]). Let uv be an edge of maximal weight in a graph G. Then R(G− uv) < R(G).
Lemma 3.2 (Delorme et al. [4]). Let G be a triangle-free graph of order n with δ(G) = δ ≥ 1 and let v be a vertex of degree δ.
Then
R(G)− R(G− v) ≥ √δ(n− δ)−√δ(n− δ − 1)
with equality if and only if G = Kδ,n−δ .
Theorem 3.2. Let G be a triangle-free graph of order n with δ(G) ≥ 2. Then R(G) ≥ √2(n− 2) with equality if and only if
G = K2,n−2.
Proof. We assume that G is a counterexample of minimal order n for which R(G) is minimal. If δ(G) > 2 then by Lemma 3.1,
the deletion of an edge of maximal weight yields a graph of minimum degree at least 2 with smaller value of the Randić
index, thus contradicting the choice of G. So δ(G) = 2. Let d(v) = 2 for some v ∈ V (G) and N(v) = {u, w}. Then uw 6∈ E(G)
since G is triangle-free. The graph H = G− v + uw is of order n− 1 and minimum degree at least 2. Then
R(G) = R(H)+ 1/√2d(u)+ 1/√2d(w)− 1/√d(u)d(w)
≥ r(n− 1, 2)+ 1/√2d(u)+ 1/√2d(w)− 1/√d(u)d(w)
= r(n− 1, 2)+ 1/2− (1/√2− 1/√d(u))(1/√2− 1/√d(w))
≥ r(n− 1, 2)+ 1/2− (1/√2− 1/√n− 2)2
= √2(n− 2),
which is a contradiction. If the equality R(G) = √2(n− 2) holds then H = K ∗2,n−3 and thus G = K2,n−2. Conversely, it is
clear that R(K2,n−2) = √2(n− 2). 
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Proof of Conjecture 3.1. For n ≥ δ5 + 2 assuming it holds for n ≤ δ5 + 1. As in the proof of Theorem 3.2, we assume that
G is a counterexample of minimum order n for which R(G) is minimum, which implies that n ≥ δ5 + 2 and δ(G) = δ. Let
d(v) = δ for some vertex v ∈ V (G). ThenN(v) is independent. If d(u) > δ for all u ∈ N(v), then δ(G−v) ≥ δ and Lemma 3.2
implies that
R(G) ≥ R(G− v)+√δ(√n− δ −√n− δ − 1)
≥ √δ(n− δ − 1)+√δ(√n− δ −√n− δ − 1)
≥ √δ(n− δ),
a contradiction. Otherwise there is a vertex u ∈ N(v) so that d(u) = δ. Let the graph H formed from G − v by adding an
edge uw for allw ∈ N(v) \ {u}. Then δ(H) ≥ δ. Theorem 3.1 implies
R(G) = R(H)+ 1/δ + (1/√δ − 1/√2δ − 2)
∑
w∈NH (u)
1/
√
d(w)
≥ r(n− 1, δ)+ 1/δ = √δ(n− δ − 1)/√n− 2+
(
δ
2
)/
(n− 2)+ 1/δ
>
√
δ(n− δ)√(n− δ)/(n− 2)−√δ/(n− 2)+ 1/δ
>
√
δ(n− δ)(n− δ)/(n− 2)−√δ/(n− 2)+ 1/δ
= √δ(n− δ)− (δ − 2)√δ(n− δ)/(n− 2)−√δ/(n− 2)+ 1/δ
≥ √δ(n− δ) (as n ≥ δ5 + 2) ,
also a contradiction. If the equality R(G) = √δ(n− δ) holds then the graph satisfy the equality in Lemma 3.2 and thus
G = Kδ,n−δ . Conversely, it is clear that R(Kδ,n−δ) = √δ(n− δ). 
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